Construction of biorthogonal two-direction refinable function and two-direction wavelet with dilation factor m  by Xie, Changzhen
Computers and Mathematics with Applications 56 (2008) 1845–1851
Contents lists available at ScienceDirect
Computers and Mathematics with Applications
journal homepage: www.elsevier.com/locate/camwa
Construction of biorthogonal two-direction refinable function and
two-direction wavelet with dilation factorm
Xie Changzhen
Department of Mathematics, Shantou University, Shantou 515063, PR China
a r t i c l e i n f o
Article history:
Received 17 April 2007
Accepted 17 April 2008
Keywords:
Dilation factor
Two-direction refinable function
Two-direction wavelet
Biorthogonal
a b s t r a c t
An algorithm for constructing a pair of biorthogonal two-direction refinable function
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1. Introduction
φ(x) is called two-direction refinable functionwith dilation factorm, ifφ(x) satisfies the following two-direction refinable
equation:
φ(x) =
∑
k∈Z
p+k φ(mx− k)+
∑
k∈Z
p−k φ(k−mx). (1)
The sequences {p+k }k∈Z and {p−k }k∈Z are called positive-direction mask and negative-direction mask, respectively.
Define a sequence of subspace {Vj} ⊂ L2(R),
Vj = ClosL2(R)〈mj/2φ(mjx− k),mj/2φ(l−mjx), k, l ∈ Z〉. (2)
As usually, φ(x) given by (1) can generate a two-direction multiresolution analysis {Vj}j∈Z of L2(R) if and only if {Vj}
defined by (2) satisfies the following properties:
(1) · · · ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ · · · ,
(2) ClosL2(R)
(⋃
j∈Z Vj
) = L2(R),
(3)
⋂
j∈Z {Vj} = {0},
(4) f (x) ∈ Vj ⇔ f (mx) ∈ Vj+1,
(5) The family {φ(x− k), φ(n− x) : k, n ∈ Z} is a Riesz basis of V0.
The property (5) means that there exist two constants 0 < A ≤ B <∞ so that
A
∑
`∈Z
c∗` c` 6
∥∥∥∥∥∑
`∈Z
c`1φ(x− `)+ c`2φ(`− x)
∥∥∥∥∥
2
L2
6 B
∑
`∈Z
c∗` c` (3)
for any sequence of coefficient vectors {c`} = {[c`1, c`2]}`∈Z ∈ `2(Z)2 with
∑
`∈Z ‖c`‖22 <∞.
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Corresponding to a two-direction refinable function φ(x),ψ(x) is called a two-direction wavelet if {ψ(x− k), ψ(n− x) :
k, n ∈ Z} forms Riesz basis of subspaceW0 so that V1 = V0⊕W0 and {mj/2ψ(mjx− k),mj/2ψ(n−mjx) : j, k, n ∈ Z} forms
a Riesz basis of L2(R).
Hence, a two-direction wavelet ψ(x) associated with a two-direction refinable function φ(x)must satisfy the following
equation:
ψ(x) =
∑
k∈Z
q+k φ(mx− k)+
∑
k∈Z
q−k φ(k−mx). (4)
By taking Fourier transform on the two sides of (1) and (4), we have
φˆ(w) = P+(e−iw/m)φˆ
(w
m
)
+ P−(e−iw/m)φˆ
(w
m
)
, (5)
ψˆ(w) = Q+(e−iw/m)φˆ
(w
m
)
+ Q−(e−iw/m)φˆ
(w
m
)
, (6)
where P+(z) = 1m
∑
k∈Z p
+
k z
k is called positive-direction mask symbol, and P−(z) = 1m
∑
k∈Z p
−
k z
k is called negative-
direction mask symbol; Q+(z) = 1m
∑
k∈Z q
+
k z
k is called positive-direction wavelet symbol, Q−(z) = 1m
∑
k∈Z q
−
k z
k is called
negative-direction wavelet symbol.
Two-scale refinable equation plays a basic role in the construction and applications of wavelet (see [1–3]). Therefore,
the study of the existence of its solution is very important. There is an extensive study of the existence of its solution in
the wavelet literature (see [4,5]). Observe that two-direction refinable equation is general setting of two-scale refinable
equation. In [6,7], the necessary and sufficient condition that two-direction refinable equation has a compactly supported
distributional solutionwas established. Furthermore, the condition that the L2-stable solution of the two-direction refinable
equation can generate a two-direction MRA was obtained. In this paper, we will discuss dilation factor m (m > 2,m ∈ Z)
setting, and give a construction algorithm of biorthogonal two-direction refinable function dilation factorm.
2. Basic concept
First, let us introduce the autocorrelation matrix symbol of two-direction refinable function φ(x)
Ω(z) =
∑
`∈Z
[ 〈φ(x), φ(x− `)〉L2 〈φ(x), φ(`− x)〉L2〈φ(−x), φ(x− `)〉L2 〈φ(−x), φ(`− x)〉L2
]
z`. (7)
For simplicity, we construct the matrix P(z) as follows:
P(z) =
[
P+(z) P−(z)
P−(z) P+(z)
]
. (8)
Introduce a transition operator T :
T A(zm) =
m−1∑
k=0
P(ze
2kpi
m )A(ze
2kpi
m )P∗(ze
2kpi
m ), (9)
where A(zm) is a square matrix of Laurent polynomial and P(z) is defined by (8).
Concerning onΩ(z) and T , we have the following theorem.
Theorem A ([7]). The matrix symbolΩ(z) and the transition operator T are defined as above. Then Poisson summation formula
gives
Ω(z) =
∑
k
[
φ̂(w + 2kpi)
φ̂(w + 2kpi)
] [
φ̂(w + 2kpi) φ̂(w + 2kpi)
]
=
∑
k
[
φ̂(w + 2kpi)̂φ(w + 2kpi) φ̂(w + 2kpi)̂φ(w + 2kpi)
φ̂(w + 2kpi)̂φ(w + 2kpi) φ̂(w + 2kpi)̂φ(w + 2kpi)
]
.
Further more,Ω(z) is an eigenmatrix of T corresponding to the eigenvalue 1, i.e. T Ω(z) = Ω(z).
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According to [6] or [7], we have the following theorems.
Theorem B. The two-direction refinable equation (1) has a unique (up to a constant) solutionφ(x) if and only if themask symbols
P+(z) and P−(z) satisfy the following conditions:
(I)
{
P+(0)+ P−(0) = 1,
|P+(0)− P−(0)| < 1, (10)
or
(II)
{
P+(0)− P−(0) = 1,
|P+(0)+ P−(0)| < 1. (11)
3. Biorthogonal two-direction refinable function pair
In this section, we give the definition of biorthogonal two-direction scaling function and corresponding two-direction
wavelet, and establish the biorthogonality criteria for two-direction refinable function and corresponding two-direction
wavelet.
Definition 1. Let φ(x) and φ˜(x) be two two-direction refinable functions with dilation factorm. If they satisfy the following
condition:
〈φ(x), φ˜(x− k)〉 = δ0,k, 〈φ(x), φ˜(n− x)〉 = 0, (12)
then φ(x) and φ˜(x) are called a pair of biorthogonal two-direction refinable function. If φ(x) = φ˜(x), then φ(x) or φ˜(x) is
called two-direction orthogonal refinable function.
Theorem 1. Let φ(x) and φ˜(x) be a pair of biorthogonal two-direction refinable function with dilation factor m; P+(z),
P−(z), P˜+(z) and P˜−(z), respectively, be their positive-directionmask symbols and negative-directionmask symbols. Then P+(z),
P−(z), P˜+(z) and P˜−(z) satisfy the following identity
m−1∑
k=0
[
P+(ze−2ikpi/m)˜P+(ze−2ikpi/m)+ P−(ze−2ikpi/m)˜P−(ze−2ikpi/m)
]
= 1,
m−1∑
k=0
[
P+(ze−2ikpi/m)˜P−(ze−2ikpi/m)+ P−(ze−2ikpi/m)˜P+(ze−2ikpi/m)] = 0. (13)
Proof. Substitute the two-direction refinable equation into the first identity of (12):
δ0,` = 〈φ(x), φ˜(x− `)〉
=
〈∑
k∈Z
[p+k φ(mx− k)+ p−k φ(k−mx)],
∑
n∈Z
[˜p+n φ˜(mx− (m`+ n))+ p˜−n φ˜((m`+ n)−mx)]
〉
=
∑
k∈Z
∑
n∈Z
[
p+k p˜
+
n 〈φ(mx− k), φ˜(mx− (m`+ n))〉 + p+k p˜
−
n 〈φ(mx− k), φ˜((m`+ n)−mx)〉
]
+
∑
k∈Z
∑
n∈Z
[
p−k p˜
+
n 〈φ(k−mx), φ˜(mx− (m`+ n))〉 + p−k p˜
−
n 〈φ(k−mx), φ˜((m`+ n)−mx)〉
]
= 1
m
∑
k∈Z
∑
n∈Z
p+k p˜
+
n δk,m`−n +
1
m
∑
k∈Z
∑
n∈Z
p−k p˜
−
n δk,m`−n =
1
m
∑
k∈Z
[p+k p˜
+
k−m` + p−k p˜
−
k−m`].
In terms of the symbols, we have
m−1∑
n=0
[
P+(ze−2ikpi/m)˜P+(ze−2ikpi/m)+ P−(ze−2ikpi/m)˜P−(ze−2ikpi/m)
]
= 1
m2
m−1∑
n=0
∑
k,s
p+k p˜
+
s z
k−se−i(k−s)2pi/m + 1
m2
m−1∑
n=0
∑
k,s
p−k p˜
−
s z
k−se−i(k−s)2pi/m
= 1
m
∑
k,`
[p+k p˜
+
k−m` + p−k p˜
−
k−m`]zm` = 1
1848 C. Xie / Computers and Mathematics with Applications 56 (2008) 1845–1851
where we have used
m−1∑
n=0
e−i(k−s)2pi/m =
{
m, if k− s = m`, ` ∈ Z,
0, otherwise.
This implies that the first identity of (13) holds. Similarly, applying the second identity of (12), we also can prove the second
identity of (13). 
Definition 2. Let φ(x) and φ˜(x) be a pair of biorthogonal two-direction refinable function with dilation factor m. Suppose
that
ψ(x) =
∑
k∈Z
q+k φ(mx− k)+
∑
k∈Z
q−k φ(k−mx), (14)
ψ˜(x) =
∑
k∈Z
q˜+k φ˜(mx− k)+
∑
k∈Z
q˜−k φ˜(k−mx). (15)
If ψ(x) and ψ˜(x) satisfy the following conditions
〈φ(x), ψ˜(x− k)〉 = 〈φ(x), ψ˜(k− x)〉 = 0,
〈˜φ(x), ψ(x− k)〉 = 〈˜φ(x), ψ(k− x)〉 = 0,
〈ψ(x), ψ˜(x− k)〉 = δ0,k,
〈ψ(x), ψ˜(k− x)〉 = 0,
(16)
then ψ(x) and ψ˜(x) are called a pair of biorthogonal two-direction wavelets corresponding to φ(x) and φ˜(x).
Theorem 2. Let the conditions of Theorem 1 satisfied. Further,ψ(x) and ψ˜(x) defined in (15) and (16) are a pair of biorthogonal
two-direction wavelet if and only if the symbols Q+(z), Q−(z), Q˜+(z) and Q˜−(z) satisfy
m−1∑
k=0
[
Q+(ze−2ikpi/m)Q˜+(ze−2ikpi/m)+ Q−(ze−2ikpi/m)Q˜−(ze−2ikpi/m)
]
= 1,
m−1∑
k=0
[
Q+(ze−2ikpi/m)Q˜−(ze−2ikpi/m)+ Q−(ze−2ikpi/m)Q˜+(ze−2ikpi/m)] = 0,
m−1∑
k=0
[
P+(ze−2ikpi/m)Q˜+(ze−2ikpi/m)+ P−(ze−2ikpi/m)Q˜−(ze−2ikpi/m)
]
= 0,
m−1∑
k=0
[
P+(ze−2ikpi/m)Q˜−(ze−2ikpi/m)+ P−(ze−2ikpi/m)Q˜+(ze−2ikpi/m)] = 0,
m−1∑
k=0
[˜
P+(ze−2ikpi/m)Q+(ze−2ikpi/m)+ P˜−(ze−2ikpi/m)Q−(ze−2ikpi/m)
]
= 0,
m−1∑
k=0
[˜
P+(ze−2ikpi/m)Q−(ze−2ikpi/m)+ P˜−(ze−2ikpi/m)Q+(ze−2ikpi/m)] = 0.
(17)
Similar to the proof of Theorem 1, Theorem 2 can be proved easily by using (16).
4. Construction algorithm
Theorem 3. Let φ#(x) and φ˜#(x) be a pair of biorthogonal uniscaling function with the dilation factor m;ψ#j (x) and ψ˜
#
j (x), j =
1, 2, . . . ,m − 1 be the corresponding biorthogonal uniwavelets associated with φ#(x) and φ˜#(x); P#(z) and Q #j (z), j =
1, 2, . . . ,m − 1, respectively, be two-scale symbols of φ#(x), ψ#j (x); P˜#(z) and Q˜ #j (z), j = 1, 2, . . . ,m − 1, respectively, be
two-scale symbols of φ˜#(x), ψ˜#j (x). Construct
P+(z) = λ0(z)P#(z)+
m−1∑
j=1
λj(z)Q #j (z),
P−(z) = λm(z)P#(z)+
2m−1∑
j=m+1
λj(z)Q #j−m(z),
(18)
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P˜+(z) = λ˜0(z )˜P#(z)+
m−1∑
j=1
λ˜j(z)Q˜ #j (z),
P˜−(z) = λ˜m(z )˜P#(z)+
2m−1∑
j=m+1
λ˜j(z)Q˜ #j−m(z).
(19)
Assume that λj(z) and λ˜j(z), i = 0, 1, . . . , 2m− 1 satisfy λj(z) = λj(ze−2ipi/m), λ˜j(z) = λ˜j(ze−2ipi/m) and satisfy

2m−1∑
j=0
λj(z )˜λj(z) = 1,
2m−1∑
j=0
2m−1∑
s=m
[λj(z )˜λs(z)+ λs(z )˜λj(z)] = 0,
λ0(1)− λm(1) = 1,
λ˜0(1)− λ˜m(1) = 1,
|λ0(1)+ λm(1)| < 1,
|˜λ0(1)+ λ˜m(1)| < 1,
or

2m−1∑
j=0
λj(z )˜λj(z) = 1,
2m−1∑
j=0
2m−1∑
s=m
[λj(z )˜λs(z)+ λs(z )˜λj(z)] = 0,
λ0(1)+ λm(1) = 1,
λ˜0(1)− λ˜m(1) = 1,
|λ0(1)− λm(1)| < 1,
|˜λ0(1)+ λ˜m(1)| < 1.
(20)
Then P+(z) and P−(z) can generate a two-direction refinable function φ(x); P˜+(z) and P˜−(z) also can generate a two-direction
refinable function φ˜(x). Furthermore, φ(x) and φ˜(x) form a pair of biorthogonal two-direction refinable function.
Proof. According to Theorem B, P+(z) and P−(z) can generate a two-direction refinable function φ(x). Similarly, P˜+(z) and
P˜−(z) also can generate a two-direction refinable function φ˜(x).
Next, we prove that φ(x) and φ˜(x) form a pair of biorthogonal two-direction refinable function with the dilation factor
m.
Applying the Eq. (20) and the conditions: λj(z) = λj(ze−2ipi/m), λ˜j(z) = λ˜j(ze−2ipi/m), i = 0, 1, . . . , 2m − 1, we can
obtain the following two identities
m−1∑
k=0
[
P+(ze−2ikpi/m)˜P+(ze−2ikpi/m)+ P−(ze−2ikpi/m)˜P−(ze−2ikpi/m)
]
=
2m−1∑
j=0
λj(z )˜λj(z) = 1,
m−1∑
k=0
[
P+(ze−2ikpi/m)˜P−(ze−2ikpi/m)+ P−(ze−2ikpi/m)˜P+(ze−2ikpi/m)] = 2m−1∑
j=0
2m−1∑
s=m
[λj(z )˜λs(z)+ λs(z )˜λj(z)] = 0.
According to Theorem 1, φ(x) and φ˜(x) form a pair of biorthogonal two-direction refinable function. This completes the
proof of Theorem 3. 
Construct Q+(z),Q−(z), Q˜+(z), and Q˜−(z) as follows:

Q+(z) = µ0(z)P#(z)+
m−1∑
j=1
µj(z)Q #j (z),
Q−(z) = µm(z)P#(z)+
2m−1∑
j=m+1
µj(z)Q #j−m(z),
(21)

Q˜+(z) = µ˜0(z )˜P#(z)+
m−1∑
j=1
µ˜j(z)Q˜ #j (z),
Q˜−(z) = µ˜m(z )˜P#(z)+
2m−1∑
j=m+1
µ˜j(z)Q˜ #j−m(z).
(22)
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Theorem 4. Under the conditions of Theorem 3, if µi(z), i = 0, 1, . . . , 2m − 2 satisfy µj(z) = µj(ze−2ipi/m), µ˜j(z) =
µ˜j(ze−2ipi/m) and
m−1∑
j=0
[µj(z)µ˜j(z)+ µm+j(z)µ˜m+j(z)] = 1,
m−1∑
j=0
[µj(z)µ˜j+m(z)+ µj+m(z)µ˜j(z)] = 0,
m−1∑
j=0
[λj(z)µ˜j(z)+ λm+j(z)µ˜m+j(z)] = 0,
m−1∑
j=0
[λj(z)µ˜j+m(z)+ λj+m(z)µ˜j(z)] = 0,
m−1∑
j=0
[˜λj(z)µj(z)+ λ˜m+j(z)µm+j(z)] = 0,
m−1∑
j=0
[˜λj(z)µj+m(z)+ λ˜j+m(z)µj(z)] = 0,
(23)
then a pair of biorthogonal two-direction wavelets ψ(x) and ψ˜(x) corresponding to φ(x) and φ˜(x) can be constructed through
Q+(z),Q−(z), Q˜+(z), and Q˜−(z) defined in (21) and (22).
Proof. By Theorem 1, φ(x) generated by P+(z) and P−(z) is a two-direction refinable function. φ˜(x) generated by P˜+(z)
and P˜−(z) is also a two-direction refinable function. What is more, φ(x) and φ˜(x) form a pair of biorthogonal two-direction
refinable function. 
Considering the first identity of (23) and λj(z) = λj(ze−2ipi/m), λ˜j(z) = λ˜j(ze−2ipi/m), µj(z) = µj(ze−2ipi/m), µ˜j(z) =
µ˜j(ze−2ipi/m) and substituting (21) and (22) into the first identity in (17), we have
m−1∑
k=0
[
Q+(ze−2ikpi/m)Q˜+(ze−2ikpi/m)+ Q−(ze−2ikpi/m)Q˜−(ze−2ikpi/m)
]
= µ0(z)µ˜0(z)
m−1∑
k=0
P#(ze−2ikpi/m)˜P#(ze−2ikpi/m)+
m−1∑
j=1
µ0(z)µ˜j(z)
m−1∑
k=0
P#(ze−2ikpi/m)Q˜ #j (ze−2ikpi/m)
+
m−1∑
j=1
µj(z)µ˜0(z)
m−1∑
k=0
Q #j (ze
−2ikpi/m)˜P#(ze−2ikpi/m)+
m−1∑
j=1
m−1∑
`=0
µj(z)µ˜`(z)
m−1∑
k=0
Q #j (ze
−2ikpi/m)Q˜ #` (ze−2ikpi/m)
+µm(z)µ˜m(z)
m−1∑
k=0
P#(ze−2ikpi/m)˜P#(ze−2ikpi/m)+
2m−1∑
j=m+1
µm(z)µ˜j(z)
m−1∑
k=0
P#(ze−2ikpi/m)Q˜ #j−m(ze
−2ikpi/m)
+
2m−1∑
j=m+1
µj(z)µ˜m(z)
m−1∑
k=0
Q #j−m(ze−2ikpi/m)˜P
#(ze−2ikpi/m)
+
2m−1∑
j=m+1
2m−1∑
`=m+1
µj(z)µ˜`(z)
m−1∑
k=0
Q #j−m(ze−2ikpi/m)Q˜
#
`−m(ze
−2ikpi/m)
=
m−1∑
j=0
[µj(z)µ˜j(z)+ µm+j(z)µ˜m+j(z)] = 1.
Similarly, we can prove that the second-sixth identities in (17) hold. By Theorem 2, Q+(z) and Q−(z) can generate a two-
directionwaveletψ(x), Q˜+(z) and Q˜−(z) also can generate a two-directionwavelet ψ˜(x). Furthermore,ψ(x) and ψ˜(x) form
a pair of biorthogonal two-direction wavelet.
5. Example
We will illustrate by an example how to construct two-direction refinable function based on our method.
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Example. Let
P#(z) = 1
3
(1+ z + z2)
Q #1 (z) =
√
3
9
(−1+ 2z − z2)
Q #2 (z) =
√
3
9
(−1− z + 2z2)
,

P˜#(z) = 1
3
(1+ z + z2)
Q˜ #1 (z) =
√
3
3
(−1+ z)
Q˜ #2 (z) =
√
3
3
(−1+ z2).
It is easy to verify that {P#(z),Q #1 (z),Q #2 (z)} and {˜P#(z), Q˜ #1 (z), Q˜ #2 (z)} are a pair of biorthogonal wavelets with the dilation
factor 3 (see [8]).
It is easy to see that λ0 = λ˜0 = 34 , λ1 = λ˜1 = 0, λ2 = λ˜2 =
√
3
4 , λ3 = λ˜3 = − 14 , λ4 = λ˜4 = 0, λ5 = λ˜5 =
√
3
4 is a group
solution of the first equation of (20). Applying (20) and (21), construct
P+(z) = 1
12
[2+ 2z + 5z2]
P−(z) = 1
12
[−2− 2z + z2]
,

P˜+(z) = 1
4
[z + 2z2]
P˜−(z) = 1
12
[−4− z + 2z2].
By Theorem 3, the above P+(z), P−(z), P˜+(z) and P˜−(z) can generate a pair of biorthogonal two-direction refinable function
with the dilation factor 3.
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